PATH PROPERTIES AND REGULARITY OF AFFINE 
PROCESSES ON GENERAL STATE SPACES 
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Abstract. We provide a new proof for regularity of afiine processes on general 
state spaces by methods from tlie theory of Markovian semimartingales. On 
the way to this result we also show that the definition of an affine process, 
namely as stochastically continuous time-homogeneous Markov process with 
exponential afBnc Fourier-Laplace transform, already implies the existence of 
a cadlag version. This was one of the last open issues in the fundaments of 
affine processes. 



1. Introduction 

In the last twenty years affine processes have been of great interest in mathe- 
matical finance to model phenomena like stochastic volatility, stochastic interest 
rates, heavy tails, credit defau lt, etc. Pars pro toto we men tion here the one- 
dimensional short-r ate model of Cox. IngersoU. and Rosa ( 1985 ) and the stochastic 
volatility model of iHestonI ( 19931 ). In order to accommodate the more and more 
complex structures in finance, these simple models have progressively been extended 
to higher dimensional affine jump diffusions with values in the so-called canoni- 
cal s tate space R™ x R"~™, o r in the cone of positiv e semidefinite matrices, see, 
e.g., Dai and SingletonI (J2000I ): iDuffie and KanI (|l996( ): iDuffie. Fan, and Singleton 



( 2000 ) for affine models on the canonical s tate space and iGourieroux and Sufana 
(120031) : lDa"Fonseca. Grasselh. and Tebaldil (|2008l ): lLeippold and Troianil (|2008[) for 



interest rate and multivariate stochastic volatility models based on matrix-valued 
affine processes. 

Axiomatically speaking affine processes are stochastically continuous Markov 
processes on some state space D C V, where T^ is a finite-dimensional Euclidean 
vector space with scalar product (■, ■), such that the Fourier-Laplace transform is of 
exponential affine form in the initial values. More precisely, this means that there 
exist functions $ and ip such that 



E.. 



{u,Xt) 



$(t,u) 



^{■4'(t,u),x) 



for all {t, x) £ R+ x D and u ^ V + iV , ior which x i— > e^"'^^ is a bounded function 
on D. Since we do not know about the Feller property at this stage, it is delicate 
to make conclusions on the path and analytic properties of the affine process. 

The reasons for the strong interest in affine processes are twofold: first, affine pro- 
cesses are a rich and fiexible class of Markov processes containing Levy provesses, 
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Ornstein-Uhlenbeck processes, squared Bessel processes and aggregates of them. 
Second, afBne processes are analytically tractable in the sense that the Fourier- 
Laplace transform, which is a solution of the backward Kolmogorov equation, a 
PIDE with affinc coefficients, can be calculated by solving a system of ODEs 
for $ and jJj, the so-called generalized Riccati equations. Having the Fourier- 
Laplace transform at hand then means that real-time-calibration is at reach from 
a numerical point of view. The crucial property which actually allows to relate 
the generalized Riccati equations with an affine process is the differentiability 
of it s Fourier-Laplace transform with respect to time, a concept called regularity 
(see lDuffie. Filipovic. and Schachermaverl (J2003l Definition 2.5)). 



Th e theory of affine processes has been developed in several steps: in lKawazu and Watanabe 
( 19711 ) the full classification on the state space K+ was proved, introducing already 
the generalized Riccati equations and the related affine technology. A key step in 
this article is to establish the aforementioned differentiability of the functions $ and 
■0 with respect to time. After several seminal papers in finance the classification of 
af fine processe s for th e so-called canonical state space D ~ R™ x R"~™ was done 
in lDuffie et al.l ( 2003 ). although under the standing assumption of regularity. It re- 
mained open whether there are affine processes on the canonical state space which 
are not regular, or if regularity follows in fact from stochastic continuity and the 
pr operty that the Fourier-Laplace transform is o f expo nential affine form. Indeed, 



Keller-Ressel. Schachermaver. and TeichmannI ( 20101) it is shown that affine pro- 
cesses on the canonical state space D = W^ x R""™ are regula r, a reasoning moti- 



vated by insights from the solution of Hilbert's fifth problem, see lKeller-Ressel et al. 



2010 ) for details. However, this solution depends on the full solution of lDuffie et al. 



(|2003l ) and thus on the particular polyhedral nature of the canonical state space. 
It remained open if regularity holds on other "non-polyhedral" state spaces, for 
instance on sets whose boundary is described by a parabola or on (subsets of) the 
cone of positive scmidcfinite d x d matrices, denoted by S'^ . 

The following example of a possible state space illustrates that affine processes 
can take values in various types of sets and that particular geometric properties of 
the state space cannot be taken for granted. Consider the subsets of the cone of 
positive semidefinite d x d matrices of the form 

Dn = {x e S'j" I rank(a:;) < n}, n e {1, ...,d}. 

In particular, if n S {1, . . . ,d — 2}, these sets constitute non-convex state spaces 
of affine processes which are maximal in a sense made clear in the sequel. To 
illustrate this phenomenon by an example, let {x, y) :— tr{xy) denote the scalar 
product on Sd, the vector space oi d x d symmetric matrices, and let d > 2 and 
n € {1, . . . , d — 2}. Consider a n x d matrix of independent Brownian motions 

y e 



iWt)t>o with initial value Wq 

Xt = 



WJWt 



■n-Kd g^jj^j define the following process 
, Xo = x-~ y^y. 



(1.1) 



Then the distribution of Xt corresponds to the non- central Wishart distribution 
with shape parameter ^, scale parameter 2tl and non-centrality parameter x (see. 



e-g-, 



Letac and Massar 



ml (l2008l) ). 



Its Fourier-Laplace transform is given by 



E, 



,(«,^t> 



det(/-2tM)~^e 



{{u^'--2tiy 



<=) 



ue -S] 



iSd, 



(1.2) 



and therefore of exponential affine form in all initial values x with rank(a;) < n. 
This implies in particular that (jl.ip is an affine process with state space Dn = {a; £ 
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S'j' I rank(a;) < n} and functions $ and t/j given by 






dct{I -2tu)~i 
{u-^ -2tI)-\ 



Note here that the set U := {u G Sd + iSd\x H- e^"'^' is bounded on £)„} cor- 
responds to — 5J" + i5d. By differentiating $ and -0 it is easily seen that these 
functions are solutions of the following system of Riccati ODEs 

dt<Pit,u) = n<^{t,u){I,^P{t,u)), $(0,m) = 1, 

dtipit, u) = 2'ip{t, uf, V(0, u) ^ u. 

From the characterization of affine proces ses on S'l via the Riccati equations and the 

corres ponding admissible parameters fsee lCuchiero. Filipovic. Maverhofer. and Teichmann 
(|201l[ Theorem 2.4 and Condition (2.4))), it then follows that pr2)) is the Fourier- 
Laplace transform of an affine process with state space S'ju, if and only if n > d—1. 
Hence, for n G {1, . . . , d — 2}, the state space -D„ cannot be enlarged to its convex 
hull S^ such that the constructed affine process on D„ can also be extended to an 
affine process on S^ . Further affine processes wit h state spac e I?„ can be obtained 



see 



Brul (119911 ) or lMaverhofeiJ(|2011 , 



from squares of Ornstcin-Uhlenbcck processes 
Appendix A)). 

The aim is thus to find a unified treatment which allows to prove regular- 
ity fo£_aI]_20SsiblB_state_S2a£es_wM properties of them. 
In iKeller-Ressel. Schachermaver. and TeichmannI (|201lh this general question has 
been solved: it is shown that affine processes are regular on general state spaces 
D, however, under the assumption that the affine process admits a cadlag version. 
The method of proof is probabilistic in the sense that the "absence of regularity" 
leads ~ in a probabilistic way - to a contradiction. 

This article now provides a new proof inspired by the theory o f Mark ovian semi- 
martingales as laid down in l(^inlar. Jacod. Protter. and Sharpd ( 19801 ) . In order 
to apply these reasonings, we first prove one of the last open issues in the basics 
of affine processes, namely that stochastic continuity and the affine property are 
already sufficient for the existence of a version with cadlag trajectories, which can 
then be defined on the canonical probability space of cadlag paths with a filtra- 
tion satisfying the usual conditions for any initia l value. Having ach ieved this, we 
provide a full and complete class in the sense of IC^inlar et al.l ( 19801 ) by using the 
process' own harmonic analysis. More precisely, we use the fact that 



X i-> 



.{n,X,) 



ds, Tj > 



always lies in the domain of the extended infinitesimal generator of any time- 
homogeneous Markov process X. The particular form of Ej, |^e^"''''"=^] in the case 
of affine processes then allows to show that the domain of the extended generator 
actually contains a full and complete class. This in turn implies on the one hand 
the semimartingale property (up to the lifetime of the affine process) and on the 
other hand the absolute continuity of the involved characteristics with respect to 
the Lebesgue measure. The final proof of regularity then builds to a large extent 
on these results. 



This means in particular that every starting value in S'T is possible. 
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The remainder of the article is organized as follows. In Section [2] we define afRne 
processes on general state spaces and derive some fundamental properties of the 
functions $ and ip. Section [3] and U] are devoted to show the existence of a cadlag 
version and the right-continuity of the appropriately augmented filtration. The 
results on the semimartingalc nature of affine process are established in Section [5] 
and are used in Section [6] for the proof of regularity. 

2. Affine Processes on General State Spaces 

We define affine processes as a particular class of time-homogeneous Markov pro- 
cesses with state space D QV , some closed, non-empty subset of an n-dimensional 
real vector space V with scalar product (•,•). Symmetric matrices and the posi- 
tive semidefinite matrices on V are denoted by S{V) and S+{V), respectively. We 
write R_|_ for [0, oo), K++ for (0,cx)) and Q+ for nonnegative rational numbers. 
Fo r the stochastic backgroun d an d notation we refer to standard text books such 
as 



Jacod and ShirvaevI (|2003[) and lRevuz and Yoij (|l999t) . 



To further clarify notation, we find it useful to recall in this section the basic 
ingredients of the theory of time-homogeneous Ma rkov processes and the particu- 
lar conventio ns being made in this art icle f compare iBlumenthal and Getoor ( 19681 



Chapt er l.S'l.lChung and WalshI (l2005l . Chapter 1.2). lEthier and Kurt j(| 19861 Chap 



ter 4). [Rogers and Williamsl (|l994 Chapter 3, Definition 1.1)). Throughout D de- 
notes a closed subset of V and V its Borel cr-algebra. Since we shall not assume the 
process to be conservative, we adjoin to the state space D a point A ^ D, called 
cemetery state, and set Da = D U {A} as well as T>a = o'(X', {A}). We make the 
convention that |[A|| :~ oo, where || • || denotes the norm induced by the scalar 
product (•, •), and we set /(A) = for any other function / on D. 
Consider the following objects on a space il: 

(i) a stochastic process X = {Xt)t>o taking values in Da such that 

if Xsiio) = A, then Xt{uj) = A for aU t > s and aU lo e D,; (2.1) 

(ii) the filtration generated by X, that is, T^ — (j{Xs, s < t), where we set 

(iii) a family of probability measures {¥x)xeDA '^^ {^,J^'^)- 
Definition 2.1 (Markov process). A time- homogeneous Markov process 
X - {n, {J^)t>o, {Xt)t>o, {pt)t>o, (F.).eD^) 

with state space (0,7)) (augmented by A) is a DA-valued stochastic process such 
that, for all s,t > 0, x £ Da and all bounded T) A-measurable functions f : Da — > R, 

E, [f{Xt+s)\J'^] =Ea-. [f{Xt)] = f f{OMXs,dO, P.-a.s. (2.2) 

Jd 

Here, K^ denotes the expectation with respect to P^ cind {pt)t>a is a transition 
function on {Da, 2?a)- A transition function is a family of kernels pt : Da x I'a ^ 
[0, 1] such that 

(i) for all t > and x G Da, Pt{x, •) is a measure on Da with pt{x, D) < 1, 

Ptix,{A}) = l~pt{x,D) andpt{A,{A}) = I; 
(ii) for all x G Da, Pa{x, •) = 5x{-), where Sx{-) denotes the Dirac measure; 
(iii) for all t > and T e Va, x M> pt{x,T) is VA-measurable; 
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(iv) for all s,t > 0, x ^ Da and T e Va, the Chapman- Kolmogorov equation 
holds, that is, 



Pt+six,T) = ps{x,d^)pti^,T). 

JDa 

If {J^t)t>o is a filtration with J-f C Tt, t > 0, then X is a time-homogeneous 
Markov process relative to (J^j) if (|2.2p holds with J'^ replaced by Fg- 

We can alternatively think of the transition function as inducing a measurable 
contraction semigroup {Pf)t>a defined by 

Ptfix) :=E,[/(X,)] - / f{OPt{x,dO, X G Da, 

J D 

for all bounded 2?A-nieasurable functions / : Da -^ K- 

Remark 2.2. (i) Note that, in contrast to IPuffie et all It2003i ). we do not 



assume fl to be the canonical space of all functions uj : R_|- — > Da, but 
work on some general probability space. 
(ii) Since we have pt{x,T) = '¥x[Xt G F] for allt>0,x£ Da and T G 2?A; 
property (ii) and (Hi) of the transition function, imply ¥x[Xa = a;] = 1 for 
all X G Da and measurability of the map x i— >■ P^^ [Xt G F] for all t > and 
FgPa. 

For the following definition of affine processes, let us introduce the set U defined 

by 



U 



(ueV + iV\ e<"^^> is a bounded function on d\ . (2.3) 

Clearly iV CU. Here, the set iV stands for purely imaginary elements and (•, •) is 
the extension of the real scalar product to V+i V, but without complex conjugation. 
Moreover, we denote by p the dimension of ReU and write (Re W) for its (real) linear 
hull and (ReU) for its orthogonal complement in V. The set i(ReW) C hi are 
the purely imaginary direction of U. Finally, for some linear subspace W C V, 
Ilw : V ^ V denotes the orthogonal projection on W, which is extended to F + iF 
by linearity, i.e., nvi/(wi +1^2) := Hvkwi +iIlwV2- 

Assumption 2.3. Recall that dimT^ = n. We require that the state space D 
contains at least n + I affinely independent elements Xi,. . . ,Xn+i, that is, the n 
vectors {xi ~ Xj, . . . , Xj^i — Xj, Xj^i — Xj, . . . , Xn+i — Xj) are linearly independent 
for every j G {l,...,r7, + l}. 

We are now prepared to give our main definition: 

Definition 2.4 (Affine process). A time-homogeneous Markov process X relative 
to some filtration {J-t) and with state space (Z?,P) (augmented by IS.) is called affine 
if 

(i) it is stochastically continuous, that is, \\va.s^tPs{x,-) = pt{x,-) weakly on 

D for every t > and x G D, and 
(ii) its Fourier- Laplace transform has exponential affine dependence on the 
initial state. This means that there exist functions $ : M_|_ x U ^ C and 
i/j :R+ xU ^V -i-iV such that 



E. 



ei'u,X, 



Pte<"'^> = / e<"'«>pt(x,dO = $(t,u)e<'^(*'")'^\ (2.4) 

Jd 
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for all X £ D and {t, u) G M+ x U. 

Remark 2.5. (i) The above definit i on diff ers in three crucial details from the 

definitions given in lDuffie et ali i2003i . Definition 2.1, Definition 12.1)]j 
First, therein the right hand side of (j2.4[) is defined in terms of a func- 
tion <p(t,u), namely as e'^(*'")+<'''(*'")'^\ such that the function $(i,w) 
in our definition corresponds to e*^^*'"-*. Our defini tion is in line with 
the one give n in \Kawazu and Watanaha { 197a) 
1 20 id . \2011\) and differs from the one in 
not require $(i, u) 7^ a priori. However, 
L» = K™ X R' 



d Keller-Ressel et ali 



Duffie et ali 



do 



since all ^_^^ 
are infinitely divisible (see Wuffie et ali 1 2003 . Theorem 



'200 A ), 
affi ne pr ocesses on 



(ii) 



(iii) 



(iv) 



2.15)), it turns out with hindsight that setting $(t, u) = e"^^*'"' is actually 
no restriction. 

Second, we assume that the affine property holds for all u G U, whereas 
on the canonica l state space D = M™ x IR"~™ it is restricted to iR" 
(see Wuffie et ali i '2003l) ). This however turns out to imply the affine prop- 

"'t5 : " „,„. .Essna ». » .«*. ^io^u. „„<™... 

as part of the definition of an affine process. We remark that there are 
simple examples of Markov processes which satisfy Defin ition \2.4\ (ii), but 
are not stochastically continuous (see Wuffie et ali (200 A . Remark 2.11)). 
Let us remark that the assumption of a closed state space is no restriction. 
Indeed, if an affine process is defined on some state sp ace D, which is only 



suppo sed to be an arbitrary Borel subset ofV as done in \ Keller-Ressel et al. 
1 201 A ), then the affine property (j2.4p extends automatically to D: Let 
ixk)keN be a sequence in D converging to some x £ D. Due to the expo- 
nential affine form of the characteristic function, we have for all t G M+ 
and u £ iV 



E^ 



.(«,^t) 



$(t,u) 



^{■4:{t,u),Xn) 



$(i,u)e 



{^{t,u),x) 



Since the left hand side is continuous in u, the same holds true for the right 
hand side. Whence Levy's continuity theorem implies that the right hand 
side is a characteristic function of some substochastic measure Pt{x, ■) on 
D, which is the weak limit of pt{xn, ■)■ As stochastic continuity and the 
Chapman- Kolmogorov equations extend to D, and since weak convergence 
implies the convergence of the Fourier- Laplace transforms on lA, we thus 
have constructed an affine process with state space D. 
Note furthermore that Assumption \2.S\ is no restriction, since we can al- 
ways pass to a lower dimensional ambient vector space if D does not con- 
tain n + 1 affinely independent elements. 

We finally remark that in Section [5| we consider affine processes on the 
filtered space (fi, J-^, (F^), where J-^ denotes the natural filtration and J-'^ ~ 
VteR -^t r ^^ introduced above. However, we shall progressively enlarge the 
filtration by augmenting with the respective null-sets. 



In Definition 2.1 afliine processes on the canonical state space D = R^ X 
whereas in Definition 12.1 the state space D can be an arbitrary subset of ] 



are considered, 
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Before deducing the first properties of $ and ip from the above definition, let us 
introduce the sets 

U"' ^ \ueV + iV\ sup e<^™'^> <m\, to > 1, 

and note that U = \Jrn>i ^" ^^^^ iV CU"' for all to > 1. 

Proposition 2.6. Let X be an ajjine process relative to some filtration (J^t)- Then 
the functions $ and ^ have the following properties: 

(i) For every ?7i > 1, <I> and ip can be chosen to be jointly continuous on 
Q™ = {{t,u) e R+ X W" I '^{s^u) ^ 0, for all s G [0,t]}. This then yields 
a unique specification of ^ and tp on Q ~ {(t.u) G M-|- x I4\^{s,u) ^ 
0, for alls e [0,t]}. 
(ii) V maps the set O = {(t, u) eR+ xU\ $(t, u) ^ 0} to U. 
(iii) $(0, u) = 1 and i/)(0, u) = u for all u gU. 

(iv) The functions $ and ip satisfy the seniiflow property: Let u gU and t, s > 
0. Suppose that $(< + s, m) =^ 0, then also $(i, m) 7^ anrf <I>(s, '0(i, u)) 7^ 
and we have 

$(< + s,u) = $(i,u)$(sXt,u)), 

V'(t + s,u) = tp{s, ip{t, u)). 

Proof. It follows e.g. from iBauerl (|1996i Lemma 23.7) that stochastic continuity 
of X implies joint continuity of {t,u) 1— )■ P^e^"'^^ on R-|_ x W^ for all x € D. 
Hence (t, u) i->- <i>(t, u)e^'''^*'"^'^^ is jointly continuous on M+ x ZY™ for every x <E D. 
By Assumption 12.31 on the state space -D, this in turn yields a unique continu- 
ous choice of the functions (t , u) H- $(t,M) and (i, u) 1-)- tp{t,u) on Q™. (com- 
pare iKeller^ResseleLalJ (|201ll . Proposition 2.4) for details). 



Concerning [(ii)| let {t, u) e O = {{t,u) eR+ x U \ $(t, u) ^ 0}. Since 



$(t,u)e<'^(*'")'^> 



E.. 



<E, 



= {",^t> 



is bounded on D and as $(t, u) 7^ 0, we conclude that ■i/j{t, u) E U. 
Assertion (iii) follows simply from 



3<"'^> = E^ 



■,{u.Xo) 



$(0,u)e<'^(°'")'^^ 



Assumption $(f + s, u) 7^ in (iv) implies 



E^ 



.{",-^t+=> 



$(t + s,u)e<'^(*+"'")'^> 7^0. 



By the law of iterated expectations and the Markov property, we thus have 



E, 



■.{u,Xt 



) 


= E, 


E, 


'f,(n,Xt^s) 


:Fs 




= E, 


E.Y, 


'^{^■Xt) 





(2.6) 



(2.7) 



If $(i, m) = or $(s, ?/'(t, u)) = 0, then the inner or the outer expectation evaluates 
to 0. This implies that the whole expression is 0, which contradicts (|2.6p . Hence 
<I>(i, u) 7^ and <I>(s, il){t, u)) 7^ and we can write (|2.7p as 



= E, 



$(f , M)eW'(*'")'-^=> = $(t, u)$(s, V(t, u))e<'^("''''(*'"»'^> . 



Comparing with 



yields the claim. 



D 



Remark 2.7. Henceforth, the symbols <& and ip always correspond to the unique 
continuous choice established in Proposition[ 
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3. Cadlag Version 

The aim of this section is to show that the definition of an affine process aheady 
implies the existence of a cadlag version. This is the core section of this article 
and of a remarkable subtlety, which is maybe less surprising if one considers the 
generality of the question: so far we do not know that general afhne processes are 
Feller processes and we can not apply the most general s tandard criteria for the 
existe nce of cadlag versions, as for instance described in ( Gihman and Skorohodl 



19831 Theorem 1.6.2). 

Our approach to the problem is inspired by martingale regularization for a lot of 
"test martingales" , from which we want to conclude path properties of the original 
stochastic process. The main difficulty here is that explosions and/or killing might 
appear. 

Indeed, for every fixed x & D, we first establish that for Pa;-almost every w 

t ^ mJ''"{lu) := $(T-i,w)e<'^('^-*'")'^*(")\ t e [0,T], 

is the restriction to Q+ fl [0, T] of a cadlag function for almost all (T, u) G (0, oo) xU, 
in the sense that M^. '" = if ^(r — t,u) — 0. This is an application of Doob's 
regularity theorem for supermartingales, where we can conclude - using Fubini's 
theorem - that there exists a Pa;-null-set outside of which we observe appropriately 
regular trajectories for almost all {T,u). 

Proposition 3.1. Let x G D he fixed and let X be an affine process relative to 
(J't"). Then 

lim Mj'" = lim $(r-g,M)e<'^('^-«-")'^'\ t G \0,T], 

q-lt q],t 

exists Vx-a.s. for almost all (T, u) G (0, oo) x U and defines a cadlag function in t. 

Proof. In order to prove this result, we adapt parts of the proof of lProtteiJ ( 20051 
Theorem 1.4.30) to our setting. Due to the law of iterated expectations 

j^jT^u ^ ^^j. _ t^uy{^(T-t,u),x,) ^ g^ U^-^^^IJ-oj , t G [0,T], 

is a (complex- valued) (J-"f°,P,^)-mart ingale for every u G Z^ and e very T > 0. From 
Doob's regularity theorem (see, e.g.. lRogers and Williama ( 1994L Theorem II. 65.1)) 



it then follows that, for any fixed {T,u), the function t i— )■ M^ '"(w), with t G 
Q+ n [0, T], is the restriction to (Q+ n [0, T] of a cadlag function for P^-almost every 
w. Define now the set 

r = {{uj,T,u) enx (0,oo) xW|<h^Mf'"(a;), tGQ+n[0,T], 

is not the restriction of a cadlag function}. (3.1) 

Then F is a J^ ® ;8((0, oo) x Z//)-measurable set. Due to the above argument 
concerning regular versions of (super-)martingales, J^^lr{io,T,u)Vx{du!) = for 
any (T, u) G (0, oo) x 14. By Fubini's theorem, we therefore have 

lr{uJ,T,u)dX¥x{duj) ^ / / lr{uj,T,u)¥,,{duj)dX^O, 

IQ.J {0,oo)xU J{0,oo)xU Jn 

where A denotes the Lebesgue measure. Hence, for Pa;-almost every w, t n- M^. '"(w), 
the map t G Q+ fl [0,r], is the restriction of a cadlag function for A-almost all 
(T, u) G (0, oo) X U, which proves the result. D 
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Having established path regularity of the martingales M-^'", we want to deduce 
the same for the affine process X. This is the purpose of the subsequent lemmas and 
propositions, for which we need to introduce the following sets ^i C fj, 7~ C (0, oo) 
and VCiF: 

f2 is the projection of {fl x (0, oo) x i V^} \ F onto fl, (3.2) 

T is the projection of {fl x (0, oo) x i y} \ F onto (0, oo), (3.3) 

V is the projection of {il x (0, oo) x Z^} \ F onto U, (3.4) 

where F is given in p.ip . Denoting by J^^ the completion of 7^" with respect to P^; , 
let us remark that the measurable projection theorem implies that il S T^ and by 
the above proposition we have Fx[^] = 1- Finally, for some r > 0, we denote by K 
the intersection of V with the closed ball with center and radius r, that is, 

K := B{0, r) nV :={ueU\ \\Rcuf + \\linuf < r^} n V. (3.5) 

Lemma 3.2. Consider the set K defined in (j3.5p and the function tp given in (j2.4p 
with the properties of Proposition \K^ Denote by p the dimension ofHeU. Let 
(ui, . . . , Up) be linearly independent vectors in K nKeli and let (up+i, . . . , u„) be 
linearly independent vectors in Il,^^jj^±K. Then there exists some S > such that 
for every t £ [0, S) 

{llj{t,Ui),...,1p{t,Up)) 

and 

(n(RoW)^ V'(i, Mp+i), . . . , Tl^^,eU)^ij{t, U„)) 

are linearly independent. 

Proof. This is simply a consequence of the fact that ip{0,u) = u for &\\ u eU Z) K 
and the continuity of t i— > -(/^(t, u). D 



The following lemma is needed to prove Proposition 13.41 below which is essential 
for establishing the existence of a cadlag version of X . 

Lemma 3.3. Let ip be given by (|2.4p and assume that there exists some D-valued 
sequence [xkjkeM such that 

lim lVm^u)Xk =■ lim yk (3.6) 

exists finitely valued and 

limsup||n^j^j,j^^i.Tfc[| = oo. (3.7) 

fc— >CXD 

Then we can choose a subsequence of {xk) denoted again by (xk): along this sequence 
there exist a finite number of mutually orthogonal directions gi G (Re U) of length 
1 such that 

Xk -^{xk,gi)gi 

i 

converges as k ^ oo, {xk,gi) diverges as k ^^ oo, where the rates of divergence are 
decreasing in i (see the proof for the precise statement). Furthermore, there exist 
continuous functions R : M_|_ — > K++ and A.j : R+ — > (RciY) such that 

{ip{t,u),g,) = (A,(t),u) 

for all u G ^mcU)^ ^ with ||Imii|[ < R{t). 
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Proof. Concerning the first assertion, we define - by clioosing appropriate subse- 
quences, still denoted by {xk) - the directions of divergence in (ReU)^ inductively 

by 



lim ^^-S^("^-g')g' (3.8) 



as long as limsupj.^oQ \\xk — X]i=i {^k,9i)gi\\ ~ oo- Notice that we can choose the 
directions gi mutually orthogonal and the rates of divergence {gi^Xk) decreasing in 
i. 



For the second part of the statement, we adapt the proof of iKeller-Ressel et al. 



( 2010 . Lemma 3.1) to our situation, using in particular the existence of a sequence 



in D with the properties (|3.6p and (|3.7p . As characteristic function, the map \V 9 
u h-> Ea;[e^"''^'^] is positive definite for any x G D and < > 0. Define now for every 
" "= ^(licU)^^ C i V^, X G I? and t > the function 






As E^ [e^''^^'^] = $(t,0)e<'''(*^°)'^> is real-valued and positive for all i > 0, we 
conclude ~ due to Assumption 12.31 and the continuity of the functions t i-s- $(<, 0) 
and t H- tp{t, 0) - that Im$(i, 0) = and lm'tp{t, 0) = for aU t>0. In particular, 
the denominator in p.9p is positive, which implies that iV 3 ^ircU)^^ 9 m m- 
Q{u,t,x) is a positive definite function for all t > and x E D. Moreover, since 
n/ReW)^V^(^' 0) is purely imaginary and thus in particular for all t > 0, it follows 
that 

6(0, t, x) = cxp (^{U^^^^^±^P{t, 0), Tl^ji„u)^xyj = 1 



for all t > and x G D. This together with the positive definiteness of u i~> Q{u, t, x) 
yields 



|e(u + V, t, x) - e{u, t, x)e{v, t, x)\'^ < l, u,v e Il^j^^jj.^±U, t>Q,xeD, (3.10) 
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(compare, e.g.. iKeller-Ressel et al.l pOlOl Lemma 3.2)). Let us now define y 
n(RoW)a; and 

$(f, u + w)e<n(R,„)^(t,u+t.),y) 



Zi{u,v,y,t) 



Z2{u,v,y,t) 






<i>(t, 0)2e^<"<=^<=">'''(*''')'^^ ' 

Pi{u,v,t) =Im(n(j^^j^^_LV(^, " + «)), 
/32(m, u, t) == Im(n(R^j^^_L V'(t, u)) + Im(n^R„i^^i7/'(i, w)), 



ri{u,v,y,t) ^ \Zi\ = 
r2{u,v,y,t) ^ IZ2I = 



$(i, u + w) 



$(i,0) 
$(t,M)$(i,v) 



ai{u,v,y,t) = arg(Zi) = arg 



$(t,0)2 



g(Ro(n(ReM>(^(t,u+t;)-^(t,0))),j/) 

g(Rc(n(R„M)(,A(t,u)+V(t,«)-2V(t,0))),y) 



$(i,0) 

+ (Im(n(R,ct/)V^(<,u + w)),y), 
$(i,u)$(t,w)~ 



a2{u,v,y,t) = arg(Z2) = arg ^ 

+ (Im(n(RoW>(V'(^,") +i^{t,v)),y)- 

Using p.lOp and tlie same arguments as in Keller- Ressel et al.l (|20ld . Lemma 3.1), 
wc then obtain 

1 > 



^^gi("i+(/3l,n(j^^„jia:)) _ ^^^iia2 + {P2,^^^^^^^x)) 



2rir2 cos(ai - 02 + (A - /32, n 



(RcU) 



-x)) 



> 2rir2(l -cos(q;i - 02 + (/?i - /?2, n^j^^^^^^a::))), 
whence 

ri(u,z;,y,i)r2(u,w,y,i) 

X (1 - cos(ai(M, V, y, t) - a2{u, v, y, t) + (/3i(u, w, t) - /32{u, v, i), n^p^^^^x))) < 



2 
(3.11) 



_W 



Define now 

R{t,y) =sup|p > 0\ri{u,v,y,t)r2iu,v,y,t) > - for u,v G H^p^^^^ 

with ||Imu|| < p and ||Imuj| < P [•• 

Note that i?(i, y) > for all (i, y) e R+ x XI^rcW)^! which follows from the fact that 
ri(0, 0, y, t) = r2(0, 0, y,t) = 1 and the continuity of {u, v) 1— )■ ri(u, v, y, t)r2(u, v, y, t). 
Continuity of {t,y) n- ri{u,v,y,t)r2{u,v,y,t) also implies that {t,y) 1-^ R{t,y) is 
continuous. Set now R{t) := inf^ i?(t, yk) where yk — ^(R.cU)Xk- Then p.6p implies 
that i?(t) > for all t > 0. 

Let now t be fixed and gi given by p.Sp . Suppose that 

(/3i(u*,«*,i)-/32(w*,t'*,i),5i)7^0 
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for some u*,v* e U/^^^jj^^±l( with |llniu*|| < R{t) and ||Imv*|| < R{t). Then due 
to the contmuity of /3i and /?2, there exists some S > such that for all u,w in a 
neighborhood Os of {u*,v*) defined by 

Os = {{u, v) e (n^j^^u^^Uf I ||Im(u - u*)\\ < S, \\lm{v - v*)\\ < S and 

||Imu|| < i?(f), lllnwll <Rit)Y 

we also have 

{(3iiu,v,t)~/32iu,v,t),g,)^0. (3.12) 

Moreover, there exist some {u, v) E Os and some fc G N such that 

cos{ai{u,v,yk,t) - q;2(u, w,2/fe, t) + {l3i{u,v,t) - /32(u, w, t), n^j^^^^iXfc)) 

/ f<^(t,u + v)\ /$(t,ii)$(i,i;) 

= cos arg — — — — — — arg ' 



V $(i,0) J ^\ $(i,0)2 

(Im(n(RcW) {tp{t, u + v) - Imtp{t, u) - lmil;{t, v))), yj.) ,^^^. 



1 
^3' 



since yk stays in a bounded set and Ili^^if\±Xk explodes with highest divergence 
rate in direction gi. 

However, inequality p.l3p now implies that 

ri{u,v,yk,t)r2{u,v,yk,t) 

x{l-cos{ai{u,v,yk,t)-a2{u,v,yk,t)+{/3i{u,v,t)-/32{u,v,t),U(^^^i^^±Xk))) > -, 

which contradicts p. lip . Since gi corresponds to the direction of the highest di- 
vergence rate, we thus conclude that 

{I3i{u,v,t) ~ I32{u,v,t),gi) ^lm{{i'{t,u + v) -ip{t,u) - ■i(j{t,v),gi)) =0 

for all u,v with ||Imw|| < R{t) and ||Imw|| < R{t). Continuity of u >-> ip{t,u) 
therefore implies that u h- > {il}{t,u),g) is a linear function. Hence there exists a 
continuous curve of (real) vectors Ai(i) G (ReW)^ such that 

(^(t,u),.gi) = (Ai(t),u) 

for all u e Il(B.eU)-^ ^ ■^itti ||ImM|| < R{t). 

We can now proceed inductively for the remaining directions of divergence gi. 
Indeed, assume that {I3i{u,v,t) — I32(u,v,t),gi) = for alH < r — 1 and all u,v 
with ||Imu|| < R{t) and ||Imw|| < R{t). Then reapting the above steps allows us to 
conclude that {(3i{u,v,t) — P2iu,v,t), g^) = for all u,v with ||Iniu|| < R{t) and 
||Imw|| < R{t) as well, which yields the assertion. D 

Consider now the set K defined in p.Sp . Since (t, u) i-> $(t, u)e^'/'(*'")'^) is jointly 
continuous on R+ x W™ for every m > 1, with $(0, u) = 1 and ^'(0, u) = u for all 
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u ^U (see Proposition 12. 6p . it follows that there exists some 77 > such that for 

all t e [0, r]] 

inf |$(i,w)| >cand sup ||Rci/'(i, w)f + ||ImV'(t, u)f < C, (3.14) 

with some constants c and C. By fixing these constants and some linearly indepen- 
dent vectors in K as described in Lemma [321 we define 



e :~ min(?7,(5), (3.15) 

where (5 > is given in Lemma 13.21 

Moreover, let i > be fixed. Then we denote by //^ the set 

lle--^{i.t + e)^r, (3.16) 

where 7" is defined in p.3|) . 

Proposition 3.4. Let K and ij^ be the sets defined in (|3.5p and p.l6p . Consider 
the function ij) given in (|2.4p with the properties of Proposition \2.6[ Let t > be 
fixed and consider a sequence {qk)keN with values in Q+ such that qk 1 1. Moreover, 
let {xqi^)keN be o, sequence with values in D/^ U {cx)}. Here, 00 corresponds to a 
"point at infinity" and Da U {00} is the one-point compactification of Dau Then 
the following assertions hold: 

(i) If for all {T,u) £ I^^ x K 

lim iVj'" := lim e<'^(^-«'='")'^'"^> (3.17) 

exists finitely valued and does not vanish, then also limfc_j.oo Xq^ exists 
finitely valued. 
(ii) // there exist some (T, u) G I^^ x K such that 



k- 



lim iVj'" ■- lim e^4'i.T-qk,u),x,^) ^q 



Ik 



then we have lim^-yoo lls;^^!! = 00. 
Moreover, let {qk)keN tgi'^ ^^ ** family of sequences with values in Q^ n [t, T] such 
that qk it for every T £ //^ and the additional property that for every S,T £ if^ , 
with S < T, there exists some index N G N such that, for all k > N, q^_]y ~ q^ ■ 
Then the above assertions hold true for these right limits with qk replaced by qf^ . 

Remark 3.5. Concerning assertion (ii) of PropositionY^^ note that, e.g. in the 
case qk 1 1, limfc_j.oo W^q^ || = 00 corresponds either to explosion or to the possibility 
that there exists some index TV G N such that Xq^ = A for all k > N . In the latter 
case we also have, due to the convention ||A|| = 00, limfe_j.oo ||a;g^, || = cxd. 



Proof. Wc start by proving the first assertion (i) Let T G I^^ be fixed and define 
for all u G i^ 

A{u) := limsup (RcV-'(T — gfc, u), Xqj.) , a(u) := liminf (Rei/'(r — 5^, u),a::qj.) . 

fe— >oo fc— s-oo 



If the state space D is compact, we do not adjoin {00} and only consider a sequence with 
values in Da- 
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Then there exist subsequences {xq^^ ) and {xq^ ) such thau 
A{u) = Urn (ReV'(T - qk^ ,u),Xq^ ) , 

m—>-oo 

a{u) = Um (ReV'(T - gfe, , u),Xq ) . 

First note that A{u) and a{u) exist finitely valued for all u G K. Indeed, if there 
is some u £ K such that A{u) = ±00 or a{u) = ±c», then the limit of -/V^'" does 
not exist, or limfc^oo -^,^'" is either or +cx), which contradicts assumption p.l7|) . 
We now define 

ri{u) = lim exp ((Reip(T - qk„^ , u), Xq^ )) , 
r2(u) = lim exp K RcV'(T - qt, , u), Xq^^ Jj , 
(Pni{u) = {lmtp(T - qk^,u),Xq^^) , 
ipi{u) = ^Im-0(r-9fc,,w),a:;g,J. 

Then the limits of cos((pmiu)), cos{ipi{u)), sin^ipmiu)) and sin((pi{u)) necessarily 
exist and 

ri{u) lim cos((y3m(u)) =: r2(u) lim cos((y3/(u)), 

m— J-oo i— >oo 

ri{u) lim sin((/5,„(u)) = r2(u) lim sin((p;(M)). 

m— >cxD i— j-oo 

This yields ri{u) = r2{u) for all u ^ K, since 

lim (cos^(v3,„(u)) + sin^((y9„(u)) = lim (cos^((^;(u)) + sin2(v3/(u)) = 1. 

In particular, we have proved that 

lim {Reij{T-qk,u),Xq,) (3.18) 

exists finitely valued and does not vanish for all (T, u) S //^ x K. Choosing linear 
independent vectors (ui, . . . , Up) £ K C\Y{.eU thus implies that 

lim T\(j^^u^Xq^ 

exists finitely valued. 

Therefore it only remains to focus on ^mcu)^^qk- Fi'om the above, we know in 
particular that for all (T, u) G ij^ x K 



k- 



lim e^'^<a<=">^''''''^""""-''"<a<=">^'^'"'^ (3.19) 

k-^00 

exists finitely valued and does not vanish. This implies that for all (T, u) G //^ x K 

Ini (n(RcW)^ V'(T - gfc, u), n^rj^^^^ix,, ^ = ak{T, u) + 27rzfc(r, w), (3.20) 

where ak{T,u) G [— 7r,7r), a(T,u) :— lim/j_>.oo ct/c (T, w) exists finitely valued and 
(zfc(r, M))fegN is a sequence with values in Z, which a priori docs not necessarily 
have a limit and/or limfc^oo Zk(T,u) = ±cxd. 



Note that these subsequences depend on u. For notational convenience we however suppress 
the dependence on u. 
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Let US first assume that 

limsuplln^P^^^iXgJI =00. (3.21) 

Then we are exactly in the situation of Lemma 13.31 and the above limit p.l9p can 
be written as 

k~>oo 

for aU u G n^B.cU}^K '^ith ||ImM|| < P{T), where P{T) is defined by P{T) := 
inf fc i?(r — qk) and R and the directions gi are given in Lemma 13.31 after possi- 
bly selecting a subsequence such that Xq^ — ^i9i {9i^^qk) converges as /c — > od. 
Note that due to the strict positivity and continuity of R, P{T) is strictly posi- 
tive as well. Furthermore, there exists some T* € l]'^ and some set Mt* Q {u & 
^{-RcU)^^\ l|Ii^"ll < P{T*), Y^iiMT* -t),u) 7^0} of positive finite measure such 
that 

'^^oo J A/* 

(3.22) 

However, it follows from the Riemann-Lebesgue Lemma that the previous limit is 
zero, whence contradicting (j3.22p . We therefore conclude that 

limsuplln^pj^j^^iXgJI < oo. 

This in turn implies that there exists some (r*,u*) G l]'^ x K and TV G N such 
that for all A: > TV 



Im 



\n(Rcw>^^(^*-9fe'"*)'n(Rew>^^ft) e (-"".T^)- 



Indeed, this follows from the fact that for every u ^ K and rj > there exists some 
T* G I^^ and TV G N such that for all k > N 

\\lm{U^^^jj^^iiT* - q„,u) ^n^^^^^^u)\\ < 77. (3.23) 

For u* with ||Im(n/j^j,^viU*)|| sufficiently small and k sufficiently large, we thus 
have 

n(Rcw>^*(^*-9fc-"*).n^Rew>^a:,, 



X (limsuplln^j^^^^iXgJI -fl) 

fc— fCXD 



< n. 
Hence, 



^l™^Im(n(R,et/)iV'(^* -1k,u*),Uf^^^u^±Xg^^ ^a{T*,u*). (3.24) 

As we can find n — p linear independent vectors Wp+i, . . . ,Un such that p.24p is 
satisfied, we conclude using Lemma 13.21 that 



1™ ^{RcU)^^qk 



exists finitely valued. This proves assertion (i) 
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Concerning the second statement, observe that we have 

hm t^Wr-qk,u),x,^) ^Q^ ^325) 

if either explosion occurs or if Xq^ jumps to A for some iV G N and Xq^ = A 
for all k > N. (This happens when the corresponding process is killed.) Indeed, 
since (p:^ is equivalent to limfc^oo e<^'''^('^"«'"")'^'"=> = and as ipiT - t,u) is 
bounded on K due to the definition of l/^, we necessarily have 

lim \\xqj =oo. 

A;— f oo 

In the case of a jump to A, this is implied by the conventions |[A|| = cxd and 
/(A) = for any other function. 

Similar arguments yield the assertion concerning right limits. D 

Using Proposition 13.11 and Proposition 13.41 above, we are now prepared to prove 
Theorem 13.71 below, which asserts the existence of a cadlag version of X. Before 
stating this result, let us recall the notion of the (usual) augmentation of (J^t) with 
respect to Px, which guarantees the cadlag version to be adapted. 

Definition 3.6 (Usual augmentation). We denote by J-^ the completion of J^ 

with respect toPx- A suh-a- algebra Q C J-^ is called augmented with respect to P^ 
if Q contains all P^-null-sets in T^ . The augmentation of 7^ with respect to Px is 
denoted by J-'^ , that is, J^f = a{J-f ,J\f(J-^)), where M^T^) denotes allPx-null-sets 
in F^ . 

Theorem 3.7. Let X be an affine process relative to {J't)- Then there exists a 
process X such that, for each x G D/^, X is a Px-version of X, which is cadlag 
in Da U {cxd} (in D^ respectively if D is compact) and an affine process relative 
to {Tf)- As before, oo corresponds to a "point at infinity" and D^ U {oo} is the 
one-point compactification of D^, if D is non-compact. 

Remark 3.8. We here establish the existence of a cadlag version X whose sample 
paths may take cxd as left limiting value if D is non-compact. A priori, we cannot 
identify Xs_(w) with A, whenever \\Xs-(uj)\\ = oo. Indeed, Xt{uj) might become 
finitely valued for some t > s. This issue is clarified in Theorem \3.10\ below, where 
we prove that Px-a.s. \\Xt\\ = oo for all t > s and all s > if \\Xs-\\ ~ oo. In 
particular, this allows us to identify oo with A. 

In the case Xg = A, which happens when the process is killed. Assumption (j2.ip 
guarantees that Xt = A for all t > s and all s > 0. 

Proof. It follows from Proposition 13. II that for every uj G f}3, where Px[^] = 1, 

t h^ Mt^'"(a;) :=$(r-i,w)e<'^('^-*'")^-^''(")\ te [0,T], 

is the restriction to Q+ n [0, T] of a cadlag function for all (T, u) G 7" x V. Here, 
ri; T and V are defined in p.2[) . p.3p and p.4p . Hence, for every uj Q fl and all 
(T, u) eT xV, the hmits 

lim MJ^"(uj), lim A/J'"(a;) (3.26) 






exist finitely valued for all t G [0,r]. 



Note that due to the measurable projection theorem, tl S T^ 
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Let us now show that the same holds true for X. For notational convenience we 
first focus on left limits. Consider the sets K and l]'^ defined in (|3.5p and ()3.16|) 
and let t > be fixed. Take some sequence (gfe)fcgNi as specified in Proposition l3.4[ 
such that qj, f t- Then there exists some N € N such that, for all fc > iV and 
(T, u) e /j^ X K, <i>(T — qk,u) ^ 0. This is a consequence of the definition of 
e (see ([XT5)) ). Thus we can divide Af^'"(a;) by $(r - qk,u) for all k > N and 
(T, u) G /t^g X /ST. By the continuity oi t ^ ^it,u) and (|3.26p . it follows that, for 
every w G 17, the limit 



hm iVj 



'(cj) := lini e 



{V(T-gfc,u),X,. (<.^)> 



exists finitely valued for all (T, u) G //e ^ ^"'^^ From Proposition 13 .41 we thus deduce 
that, for every ui € fl, the limit 

lim Xg^{u}) 

A:— >oo 

exists cither finitely valued or limfc_^oo ||Xqj.(w)|| — cx3. Using similar arguments 
yields the same assertion for right limits. Hence wc can conclude that P^j-a.s. 



Xt 



lim X„ 

qit 



(3.27) 



exists for all t > and defines a cadlag function in t. 

Let now Hq be the set oi ui E fl for which the limit Xt {u!) exists for every t 
and d efines a cadlag function in t. Then, as a consequence of iRogers and Williams 
(|f994 Theorem IL62.7, Corollary IL62.f 2), % G J"°^and P^^t^o] = 1 for ah x GDa- 
For w G O \ r^o: we set Xt{Lu) = A for all t. Then X is a cadlag process and Xf is 
J^^-measurable for every t > 0. Since X is assumed to be stochastically continuous, 
we have Xs — ^ Xt in probability as s — > i. Using the fact that convergence in 
probability implies almost sure convergence along a subsequence, we have 



lim Xg = Xt 

qeQ+ 

qit 



(3.28) 



By our definition of Xt, the limit in p.28p is equal to Xt on Qq. Hence, for all 
X G Da, we have Px[Xt = Xt] for each t, implying that X is a version of X. This 
then also yields 



E, 



An,Xt) ^]£^ 



,Xt) 



and augmentation of (J-'t) with respect to P^; ensures that Xt G J^f for each t. We 
therefore conclude that X is an affine process with respect to (J^f ). □ 



If D is non-compact, the cadlag version (|3.27p on Da U {oo}, still denoted by X, 
can be realized on the space H.' = D'(DaU{oo}) of cadlag paths uj : M+ — )► DaU{oo} 
with ijj{t) = A for t > s, whenever uj{s) = A. However, we still have to prove that 
we can identify oo with A, as mentioned in Remark 13.81 In other words, we have 
to show that ||w(t)|| = cxd for all t > s if explosion occurs for some s > 0, that 
is, ||w(s— )|| = oo. This is stated in the Theorem 13.101 below. For its proof let us 
introduce the following notations: 
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Du e to the convention || A|[ = oo, we define the explosion time by (see lCheridito. Filipovic. and Yoi 
(J2OO5I ) for a similar definition) 

^ .^ r Ta, if T^ < Ta for all fc, 

°^^ ' \ cxD, if T^. = Ta for some k, 

where the stopping times Ta and T^ are given by 

Ta := inf{t > | \\Xt-\\ = 00 or \\Xt\\ = 00}, 

T^ := inf{t I \\Xt-\\ >kor \\Xt\\ >k}, k> 1. 

Moreover, we denote by relint(C) the relative interior of a set C defined by 

relint(C) = {x e C \ B{x, r) n afr(C) C C for some r > 0}, 

where afF(C) denotes the affine hull of C. 

Lemma 3.9. Let X be an affine process with cadlag paths in Da U {cxd} and let 
X £ D be fixed. If 

P,[Texpi<oo] >0, (3.29) 

then relint(Rei^) ^ and we have P^j-a.s. 

lim e<"'^*> = 

tT J- expl 

for all u G relint(ReW). 

Proof. Let us first establish that under Assumption p.29p . relintReW ^ 0. To this 
end, we denote by r^expi the set 

i^cxpi = {w e ri' I Tcxpi(i:^) < 00}. 

Then it follows from Proposition 13.11 and 13.41 that, for P-c-almost every w G riexpi, 
there exist some {T{uj),v{lu)) G (Texpi(i^), c«) x iV such that 

lim <^{T{uj)~t,v{uj))^0 

and 

lim N^^"^'''^^\uj) = lim e<'^(^(")-*'"("»^^'('^» = 0. (3.30) 

ttToxpi(w) itToxpi(w) 

This implies that 

lim (ReV'(T(a;) - t, v(ujj),Xt(uj)) = -00, (3.31) 

ttTexpl(t^) 

and in particular that U 3 Kcip{T{uj) — Tcxpi('^), v{io)) 7^ 0, which proves the claim, 
since ReW C relint(Re^). 

Furthermore, by p.3ip we have 

Jim \\U{Xt{u))\\=oo, (3.32) 

«tTexpl(") 

where 11 denotes the projection on the linear hull of ReW, denoted by (RcU). Define 
the vector space W by 

W^ = Rci^n(-ReW). 
By the definition oiU, \{w,Xt{uj))\ is bounded for all t < Texpi(w) and w £ W, 
which implies that 

lim ||ni(Xt(w))||=oo, (3.33) 

ttTexpl(w) 
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where Hi denotes the projection on the orth oRonal complement of W in (R eU). As 
ni(ReiY) is a proper convex conqj (see, e.g.. lBruns and Gubeladzd ([20091, Proposi- 
tion 1.18)), wc thus have for all u G relint(ni(Rei^)) 

lim (u, Xf(uj)) ^ —oo. 

Writing relint(ReW) as 

relint(ReW) = W + relint(ni(Rel/)), 

then yields the assertion, since |(i/;,Xt(a;))| is bounded for all t < Tcxpi(i^) and 
weW. D 

Theorem 3.10. Let X he an ajfine process with cadldg paths in Da U {oo}. Then, 
for every x G D, the following assertion holds Pa;-a.s.; // 

ll^.-ll-oo, (3.34) 

then \\Xt\\ = cxD for all t > s and s > 0. Identifying oo with A, then yields Xt = A. 
for all t > s. 

Proof. Let a; G -D be fixed and let u G rclint(Rc^). Note that by Lemma 13.91 
relint(ReZ//) 7^ and that $(t,w) and ip{t,u) are real-valued functions with values 
in M++ and KcU, respectively. Take now some T > and S > such that 

P,,[T-S< Texpi < T] > 0, 

and %p{t^u) G relint(Rc^) for all t < 6. Consider the martingale 

M[-^ = $(r - t, u)eW'(^-*^")'^"'>, t < T, 

which is clearly nonnegative and has cadlag paths. Moreover, by the choice of S, it 
follows from Lemma [331 and the conventions |[A|| = cxd and /(A) =0 for any other 
function that Pa;-a.s. 

mJi" = 0, s G (T - (5, T], (3.35) 

if andonly if l|Xs_|| — 00 for s G (T— (5, T]. Wc thus conclude using lRogers and Williama 



()1994 Theorem IL78.1) that P^^-a.s. m"^'" = for all t > s, which in turn implies 
that \\Xt\\ ~ CXD for all i > s. This allows us to identify 00 with A and we obtain 
Xt ~ A for alH > s. Since T was chosen arbitrarily, the assertion follows. D 

Combining Theorem l3.7l and Theorem l3.10l and using Assumption p.ip . we thus 
obtain the following statement: 

Corollary 3.11. Let X be an affine process relative to (J^). Then there exists a 
process X such that, for each x G D^, X is a F^-version of X , which is an affine 
process relative to {J^f), whose paths are cadldg and satisfy P^^-a.s. Xt — A for 
t> s, whenever \\Xs-\\ ~ 00 or \\Xs\\ — 00. 

Remark 3.12. We will henceforth always assume that we are using the cadldg 
version of an affine process, given in Corollary \3.11[ which we still denote by X . 
Under this assumption X can now be realized on the space fl = D(Z?a) of cddldg 
paths Lo : M+ -^ Da with io{t) ~ A for t > s, whenever ||aj(s— )|| ~ 00 or |[aj(s)|| = 
cx). The canonical realization of an affine process X is then defined by Xt{uj) = Lu{t). 
Moreover, we make the convention that X^d = A, which allows us to write certain 
formulas without restriction. 



°A cone is called proper ii K n (—K) = {0}. 
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4. Right-Continuity of the Filtration and Strong Markov Property 

Using the existence of a right-continuous version of an affine process, we can 
now show that [J-f), that is, the augmentation of {J-^) with respect to P^;, is 
right- cont inuous . 

Theorem 4.1. Let x € D be fixed and let X be an affine process relative to {Tf) 
with cddlag paths. Then {!Ff) is right- continuous. 

Proof. We adapt the proof of IProtteil ( 20051 Theorem 1.4.31) to our setting. We 
have to show that for every t > 0, Ffj^ = Tf , where J^f^ = Hsx-^f- Since the 
filtration is increasing, it suffices to show that J"f = nTi>i -^t+i.- ^'^ particular, we 
only need to prove that 



E.. 



^{ui,Xt.^) + --- + {uk.XtJ 



Tf 



= E, 



^(ui,Xti)+--- + (ufc,Xt„) 



T) 



t+ 



(4.1) 



for all (ii, . . . , ifc) and all (mi, . . . , Ufe) with ti G R_|_ and Ui &IA, since this implies 
¥.^[Z\Tf\ = ¥.^[Z\jF^^] for every bounded Z € J""" . As both Ff^^ and Tf contain 
the nuUsets N'{J-"^), this then already yields J^^^ = J^f for all t > 0. 

In order to prove (|4.1[) . let i > be fixed and take first ti < ^2 • • ■ < ifc < ^• 
Then we have for all (ui, . . . ,Uk) 



E, 



Jui,Xn} + --- + {ui,,Xt^ 



T^ 



= E, 



^{ui,Xti) + --- + {ui,,XtJ 



■px 



^ „{ui.Xt^) + - + {uk,XtJ 



In the case tk > ife-i ■ • • > ti > i, we give the proof for k = 2 for notational 
convenience. Let t2 > ti > t and fix mi,M2 G l^- Then we have by the affine 
property 



E, 



,{ui,Xt^} + {u2.Xt2} 



T] 



t-i- 



= limE^; 

sit 


e{u. 


,Xt^) + {u2, 


Xt^) 


K 












= hmE^ 

sit 


E, 


g(ui,Xti) + (u2,Js:t2) 


■px 




■^s 




= $(t2 - 


ti,u 


2)liinE^ 

sit 


e{"i 


+ -!/j(t 


2-tl,1 


-12 


)Ai 


> 


-' s 



If $(^2 — ti,U2) = 0, it follows by the same step that 



^(«l,Xtj) + (u2,.Yt2> 



px 

■'t 



= 0, 



too. Otherwise, we have by Proposition 12.61 (ii) -0(^2 ~ ^1,1*2) G W, and by the 
definition oiU also ui +"0(^2 ~^i,U2) G i^- Hence, again by the affine property and 
right-continuity of 1 1-^- Xt(a;), the above becomes 



^{Ml,Ytj> + (M2,Yt2> 



F 



t+ 



$(t2 - ti, M2) lim $(<i - s, ui + 0(t2 - fi, w2))e<'/'(*i--."i+V'(t2-ti,«2)),x,) 

s\.t 



= $(t2 -tl,U2)$(il -t,Ui-|-0(i2 -ii,M2))e 



(■4>{ti-t,Ui+ll,{t-2~ti,U2)),Xt) 



^(ui,A'tj) + (M2,Yf2) 



J-f 



This yields (|4.1I) and by the above arguments we conclude that J'f_^ = J^f for all 
00. D 
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Remark 4.2. A consequence of Theorem \4-l\ is that {n,,J-t,{J-t),Px) satisfies the 
usual conditions, since 

(i) T^ is Fx-complete, 
(ii) J-Q contains all f ^-null-sets in T'-^ , 
(iii) (J^f ) is right- continuous. 
Let us now set 

J-:= fl J-^ J-*:= fl J-f. (4.2) 

xEDa xEDa 

Then (51,7^, {J-'t),¥x) does not necessarily satisf y the usual condi t ions, hut Tt = J't+ 
still holds true. Moreover, it follows e.g. from \Revuz and Yon 1 19991 . Proposition 



III. 2. 12, III. 2. 14) that, for each t, Xt is J- f -measurable and a Markov process with 
respect to (Tt). 

Unless otherwise mentioned, we henceforth always consider affine processes on 
the filtered space {n,J-,{J-t)), where fl = ©(Da), as described in Remark \3.12[ 
and J- , J-t are given by (j4.2p . Notice that these assumptions on the probabil- 
ity s pace correspond to th e stan dard setting considered for Feller processes (com- 
pare lRooers and Williama \l994 . Definition III. 7. 16, III. 9. 2)). 



Similar as in the case of Feller processes, we can now formulate and prove the 
strong Markov property for afiine processes using the above setting and in particular 
the right-continuity of the sample paths. 

Theorem 4.3. Let X be an affine process and let T be a (Tt) -stopping time. Then 
for each bounded Borel measurable function f and s > 

E. [/(Xt+,)| J-t] = Ex. [f{X,)] , ¥,-a.s. 

Proof. This result can be shown by the sam e arguments used to prove t he strong 
Markov property of Feller processes (see, e.g.. lRogers and Williamsl ( 199J, Theorem 
8.3, Theorem 9.4)), namely by using a dyadic approximation of the stopping time 
T and applying the Markov property. Instead of using Co-functions and the Feller 
property, we here consider the family of functions {x i— !■ e^"'^^ \u E iV} and the 
affine property, which asserts in particular that 



X 1—^ 



e{u,X, 



p^e(".^> =$(f,u)e<^(*'")'^> 



is continuous. This together with the right-continuity of paths then implies for 
every A G Tt and u E\V 



E, 



g{«,AV+.)i 



= E, 



p.ku,XT)^ 



The assertion th en follows by the same arguments as in lRogers and Williama ( 1994 , 



Theorem 8.3) or IChung and Wal sh (2005, Theorem 2.3.1). D 



5. Semimartingale Property 

We shall now relate affine processes to semimartingales, where, for every x S 
D, semimartingales are understood with respect to the filtered probability space 
(fi, T ^ (J^t), Pi:) defined above. By convention, we call X a semimartingale if Xl[o y^) 
is a semimartingale, where - as a consequence of Theorem 13.101 and Corollarv l3.11l 
- we can now define the lifetime T/^ by 

TAiLj)^mi{t>0\Xt{uj)^A}. (5.1) 
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L et US start w i th th e following definition for general Markov processes (com- 
pare [gMaLeTaD (|l980l . Definition 7.1)): 

Definition 5.1 (Extcndcnd Generator). An operator Q with domain Dg is called 
extended generator for a Markov process X (relative to some filtration (J-'t)) if Dg 
consists of those Borel measurable functions f : Da -^ C for which there exists a 
function Q f such that the process 

f{Xt)-f{x)- [ gf{x,^)ds 

Jo 
is a well-defined and (J-t,Px)-local martingale for every x G -Da- 

In the following lemma we consider a particular class of functions for which it is 
possible to state the form of the extended generator for a Markov process in terms 
of its semigroup. 

Lemma 5.2. Let X be a D /^-valued Markov process relative to some filtration (J-t). 
Suppose that u €z U and rj > 0. Consider the function 

gu,v : D ^ C, x M- guj-iix) := - P^e^^'^^^ds. 

V Jo 

Then, for every x Cz D, 

M^ := gujXt) - gu.r,{Xo) - / - (p^e<"'^-> - e<"'^->) ds 

Jo V ^ ' 

is a (complex-valued) {J-t,Px)-'mo-rtingale and thus gu,r]{X) is a (complex- valued) 
special semimartingale. 

Proof. Since g^^rj and P^e^"-'^ — e^"''^ arc bounded, M" is integrablc for each t and 
we have 



== Ml': + Ex^ 

-1 pt-r+ri 1 /.q 

M,'! + - Pse^^^^'-^ds-- P^e^-'^'^Us 

V Jt~T V Jo 

^ ' pJ^^^'')ds + - / Pj-'^^'-^ds 



guAXt) - guAXr) - f - (P„e<"'^-) - e<"'^->) ds 

Jr I 

guA^t-r) ~ guAXo) - / - (p^e<"'^-> - e<"'^->) d 



V Jr, V Jo 

Hence M" is (J"t, Pa;)-martingale and thus (7„^^(X) is a special semimartingale, since 
it is the sum of a martingale and a predictable finite variation process. D 



Remark 5.3. Lemma \5.S\ asserts that the extended generator applied to gu,ri is 
given by Qgu,r,{x) = - (P^e'"'^' — e^"'^'). Note that for general Markov processes 
and even for affine processes we do not know whether the "pointwise" infinitesimal 
generator applied to 



e<"^^> = lim o„„ = lim - f P,e<"^''^ds, 

r;^0 '' V^OtjJq 
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that is, 

lim - fp„e<"'^> -e<"^^>V 

is well-defined or notlij For this reason we consider the family of functions {x 1— >■ 
gu,T]ix) \u ^ U, rj > 0}, which exhibits in the case of affine processes similar prop- 
erties as {x 1—^ e^"'^' I u € U} (see Remark \5.6\ (ii) and Lemm a\5.7\ below). These 
properties are introduced in the following definitions (comvare I Cinlar et al\ {198 A . 
Definition 7.7, 7.8)). 

Definition 5.4 (Full Class). A class C of Borel measurable functions from D to C 
is said to be a full class if, for all r S N, there exists a finite family {/i, . . . , /at} G C 
and a function h € C^(C^, D) such that 

x^hifi{x),...,fN{x)) (5.2) 

for all X G D with \\x\\ < r. 

Definition 5.5 (Complete Class). Let 13 € V, j G S^{V), where S^{V) denotes 
the positive semidefinite matrices over V , and let F he a positive measure on V , 
which integrates (||^|P A 1), satisfies F{{0}) = and x + supp(F) C D^ for all 
X G D. Moreover, let x '■ V ^' y denote some truncation function, that is, x 
is bounded and satisfies xiO = S, in a neighborhood of 0. A countable subset of 
functions C C C^{D) is called complete if, for every x G D, the countable collection 
of numbers 

nifix)) = (/3, V/(x)) + i^^,^.A,/(x) 

{fi^ + 0-f{^)-{^fi^),xiO))P{dO, f&C (5.3) 
iv 

completely determines j3, 7 and F . A class C of Borel measurable functions from 

D to C is said to be complete class if it contains such a countable set. 

Remark 5.6. (i) Note that the integral in (|5.3p is well-defined for all f G 

C^ {D) . This is a consequence of the integrability assumption and the fact 
that X + supp(_F') is supposed to lie in Da for all x. 
(ii) The class of functions 



C* := \D^' 



3<"^^> JMGiy} (5.4) 



is a full and complete class. Indeed, for every x £ D with \\x\\ < r, we can 
find n linearly independent vectors (ui, . . . ,u„) such that 

Im(u,,a:) ^ [--, - . 

This implies that x is given by 

: = f arcsiii (lme^"^'^M , . . . , arcsin (lme^""''^M ) (Imwi, . . . ,ImM„)~^ 

and proves that C* is a full class . Com pleteness follows by the same argu- 
ments as in lJacod and Shirvaeii 1 20031 . Lemma n.2.44)- 



In the case of affine processes, this would be imphed by the differentiabihty of $ and ip with 
respect to t, which we only prove in Section |6] using the results of this paragraph. 
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Lemma 5.7. Let X be an affine process with $ and ip given in (|2.4p . Consider 
the class of functions 



C:-- 



Id^Cx^ 5«,„(a;) •= - / *(«' M)e<'^('''")''^>ds \u£iV,r]>o\. (5.5) 



Then C is a full and complete class. 

Proof. Let (ui, . . . Un) £ iV he n linearly independent vectors and define a function 
/^ : D — > C" by fn^i{x) = g^^.Tiix). Then the Jacobi matrix Jf^ (x) is given by 



/Q''$(s,?ii)e<'''''''''i)'">Vi(s,«i)ds 



1 r^ 



i/J'<l>(s,m)e<*('''"i''^>V'n(s,m)ds 



1 f) 



/J' $(s, ^„)e<'*(='''"''^> Vi (s, «n)ds ... i /J' $(s, ^„)e<'^(»'"")'^> Vn(s, «n)ds 



In particular, the imaginary part of each row tends to (cos(LTL(uj,a;))ImUi)^ for 
77 — >■ 0. Hence there exists some 77 > such that the rows of ImJj are linearly 
independent. As Im/^ : D -^ M" is a C°°(D)-function and as Jim/ = ImJ/ , 
it follows from the inverse function theorem that, for each xq € D, there exists 
some ro > such that Im/^ : B{xo,ro) — > W has a C°°{W) inverse, where W = 
lmf^{B{xo,ro)). 

Let now r G N and consider x € D with ||x|| < r. By choosing the linearly 
independent vectors (ui, . . . , u„) and 77 > appropriately, we can guarantee that 
''0 ^ ll^^oll + f- Indeed, for every (5 > 0, we can choose the linearly independent 
vectors (ui, . . . ,Un) such that |(wi,x)| < S. Assume now without loss of generality 
that £ D and let xq = 0. As 

lim Jim/„ {x) = (cos(Im(iti, a;))ImMi, . . . , cos(Im(M„, .T))Imu„) , 

we can thus assure that for all 2; G 5(0, r) n D 

IllimJj;! (0) lim Jimyjx) - /|| 

= ||(Imui, . . . , Imu„)^ (cos(Im(ui, x))Imui, . . . , cos(Im(it„, a;))Imu„) — /|| <1 

and by the continuity of the matrix inverse the same holds true for 77 small enough. 
T he proof of t he inverse function theorem (see, e.g.. llIowardl (jl997l Theorem 4.2) 
or iLangl (jl993l . Lemma XIV. 1.3)) thus implies that ro can be chosen to be r. This 



proves that C is a full class. 

Concerning completeness, note that 



<9uAx)) = 1 f Hs, 7.)e«'(^'")^-> i (/?, 7A(s, u)) + i(7A(s, uh^Pis, u)) 



V Jo 



By Remark 15.61 (i) , the integral 



V Jo 



$(s,u)e<'^("^")'='> |'e('>(^.«)^«> - 1 - (7/>(s,it),x(C))) dsF{dO 
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is well-defined, whence by Fubini's theorem we can interchange the integration. In 
particular, we have 

limK(.g„,^(a;)) = K(e<"''^>) 

= e^-^-U{P,u) + ^{u,ju)+ f [e^-'i^-l-{u,x{0))F{do]. (5.7) 



Moreover, bv lJacod and ShirvaevI ()2003l Lemma II. 2. 44) or simply as a consequence 
of the completeness of the class C*, as defined in (|5.4p . the function u n> ^(e^"'^^) 
admits a unique representation of form (|5.7p . that is, if ^(e^'^^) also satisfies (|5.7p 
with (/3,7, i^), then /3 = /3, 7 = 7 and F = F. This property carries over to the 
class C. Indeed, for every x € D, there exists some 77 > such that /3 = f3, '^ = ^ 
and F = F a u >~^ K,{gu.,-i{x)) also satisfies (|5.6p with (/3,7, F). This proves that C 
is a complete class. D 

In order to establish the semimartingale property of X and to study its char- 
acteri stics, we need to handle explosions and killing. Similar to ICheridito et al.l 



(|2005[ ). we consider again the stopping times Ta defined in (j5.ip and T^ given by 

n :- inf{i | H^t-H > fc or ||X,|| > fc}, k> 1. 

By the convention ||A|j = cx), T^. < Ta for all fc > 1. As a transition to A occurs 
either by a jump or by explosion, we additionally define the stopping times; 

_ r Ta, if Tl = Ta for some fc, 

-L 11 



^jump - >, ^^ if T' < Ta for aU k 



'^O'^Pl ^1 ^' ifT' - T. f^^ or^rnn,:! h (^■^) 



fc 

Ta, if T^ < Ta for aU fc, 
00, if T^ = Ta for some fc, 

^ r T^, ifT^<TA, 
^' \ 00, ifT^^TA. 

Note that {Tjunip < 00} n {Toxpi < 00} = and limfc_i.oo T^ = Texpi with 
Tfc < Toxpi on {Toxpi < 00}. Hence Tcxpi is predictable with announcing sequence 
Tfc A fc. In order to turn X into a semimartingale and to get explicit expressions 
for the characteristics, we stop X before it explodes, which is possible, since Toxpi 
is predictable. Note that we cannot stop X before it is killed, as Tjump is totally 
inaccessible. For this reason we shall concentrate on the process {XJ^) := (XfA,-), 
where r is a stopping time satisfying < r < Tcxpi, which exists by the above 
argument and the cadlag property of X. Since X ~ X'^^ , we have 

^t == -'^il{t<(TATA)} +-'^TATAl{i>(TATA)} 

= ^tl {t<(r ATj„,„p)} + ^rATj„„pl {t>(r ATj„,„p)}, 

which implies that a transition to A can only occur through a jump. 

Recall that A is assumed to be an arbitrary point which does not lie in D. We 
can thus identify A with some point in T^ \ D such that every C^ (T))-function / can 
be extended continuously to Da with /(A) = 0. Indeed, without loss of generality 
we may assume that such a point exists, because otherwise we can always embed 
Da in y X M. 

Theorem 5.8. Let X he an affine process and let t he a stopping time with r < 
Texpb where Tgxpi is defined in ()5.8p . Then ^1[o,Ta) o.'^d X^ are semimartingales 
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with state space D U {0} and Da, respectively. Moreover, let {B,C,i>) denote the 
characteristics of X'^ relative to some truncation function x- Then there exists a 
version of {B, C, v), which is of the form 

rt/\T 



nt/\T 

Bt,, - / b,{Xs-)ds, 
Jo 



<-^t,ij = / Cij{Xs-)ds, 
Jo 

u{LO-dt,de) = X(Xt,dOl[0,r]di, 

where b : Da -^ V o,rid c : Da ^ S+{V) are measurable functions and K{x, d^) is a 
positive kernel from (Da, T^ a) into {V,B{V)), which satisfies Jy(\\^\\'^Al)K{x,dS,) < 
cxo, K{x, {0}) = and x + supp{K{x, •)) C Da for all x G D. 

Proof. Wc adapt the proof of iQinlar et alj ( 1980 . Theorem 7.9 (ii), (iii)) to our 
setting. By Lemma [23 

5„,„(^) = - r Hs,u)e^^<^''^^'^'>ds 
V Jo 

is a semimartingale for every u GU and ry > 0. Since Lemma 15.71 asserts that C, 
as defined in (|5.5p . is a full class, an application of Ito's formula to the function hi 
appearing in (j5.2p shows that Xi coincides with a semimartingale on each stochastic 
interval [0,Tr[, where 

r, =inf{i>0|||Xt|| >r}ArA. 

Since we have P^-a.s. lim^-^oo r^ = Ta an d since being a semimartingale is a local 



property (see iJacod and ShirvaevI (J2003l . Proposition 1.4.25)), we conclude that 



X1[o_Ta) is a semimartingale. 

Let now r denote a stopping time with r < Texpi. Then X'^ is also a semi- 
martingale with state space Da, since explosion is avoided and the transition to A 
can only occur vi a killing, that is, a jump to A, which is incorporated in the jump 
characteristic (see 



ajump 
(l2005l 



Cheridito et all (|2005l Section 3)). 



Bv lCinlar et al.l (|l980l Theorem 6.25), one can find a version of the characteris- 



tics (i?, C, v) of X'^ , which is of the form 

/•t/\T ^ 

Bt,i = / bs-,idFs, 





t/\T 



Ct,ij — / Cs-,ijdFs, 
Jo 

u{uj;dt,d^) = l[Q^.^]dFt{uj)K^^tidS,)i 

where F is an additive process of finite variation, which is Pa;-indistinguishablc from 
an (J^t)-predictable process, b and c are (J^t)-optional processes with values in V 
and S+{V), respectively, and K^^t{di) is a positive kernel from (f7 x IR+, C'(J't)]3 
into {V,B{V)), which satisfies jy(\\if A l)K^^t{dO < oo, K^4{0}) = and 
Xt{uj) + supp(/v„_t) C Da for all t G [0,r] and P2;-almost all oj. Moreover, 



°Here, O(J^t) denotes the (J-'t)-optional cr-algebra. 



PATH PROPERTIES AND REGULARITY OF AFFINE PROCESSES 



27 



by ljacod and ShirvaevI (|2003l Theorem II. 2. 42), for every / G C^(£'a), the process 

/■iAr ^ -1 pt/\r 

f{Xl) - f{x) - / (6,_, V/(X,_))rfF, - - / V c,_,y A,/(X,s-)di^. 
"'0 ^ Jo 



tAT 



(/(x,_ +e) -/(x,_) - {vf{x,^),xm)Ku,..s-mdF, (5.11) 

/o Jv 

is a (J^f,Pi,)-focal martingale and the last three terms are of finite variation. Note 
here that A is assumed to be an arbitrary point u\V\D such that we can extend 
/ G Cl{D) continuously with /(A) ~ 0. Let us denote 

ifiXt^iu;)+0-fiXt-iu;))-{VfiXt^iu;)),xiO))K^J-{dO- (5-12) 

As proved in Lemma 15. 7[ the class of functions C defined in (|5.5p is complete. 
Let now C C C be the countable set satisfying the property stated in Definition 15.51 
and let g,,_t, G C for some u & iV and r; > 0. Then Lemma 15.21 and Remark 15.11 
imply that 

(•tAr 

gn,u{Xl) - gri.u{x) - / gg,j^u{Xs^)ds 
Jo 

= g^^^iXl) ~ g„^^{x) ~ J "i(p^e<"'^->-e<"^^->)d5 (5.13) 

is a (J^t, P^)-martingale, while (/„ Qgri.uiXs-)ds) is a predictable finite variation 
process. Due to (|5.1ip . (|5.12p and uni queness of the canon i cal de composition of the 
special semimartingale g^„(X'^) (see I Jacod and ShirvaevI ( 20031 Definition 1.4.22, 
Corollary 1.3.16)), we thus have 



tAT 



Cgn.u{Xs-)dFs 



t/\T 



Qgri.u{Xs-)ds up to an evanescent set. (5.14) 



Set now 



A: 



|(a;,t) : Cg,^^u{X(t/\ThT^)~{^)) = for every 5^,„ e C^ 



Then the characteristic property (|5.3p of C implies that A is exactly the set where 
6 = 0; c = and K = 0. Hence we may replace F by Ia'-F without altering (|5.10p . 
that is, we can suppose that Ia^^ = 0. This property together with (|5.14p implies 
that dFt ^ dt P^j-a.s. Hence we know that there exists a triplet (6', c', K') such 
that F replaced by t and (&, c, K) re placed by (b',c\K') satisfy all the conditions 
of (|5.10p . In particular, we have bv I Jacod and Shirvaev ( 2003 . Proposition II. 2. 9 
(i)) that A'" is quasi-left continuous. Due to lCinlar et al.l ( 1980l Theorem 6.27), it 
thus follows that 

&; = 6(A,)l[o,.], 

c't = c(At)l[o,r], 
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where the functions 6, c and the kernel K have the properties stated in ()5.9|) . This 
proves the assertion. D 

6. Regularity 

By means of the above derived scmimartingalc property, in particular the fact 
that the characteristics are absolutely continuous with respect to the Lebesgue 
measure, we can prove that every affine process is regular in the following sense: 

Definition 6.1 (Regularity). An affine process X is called regular if for every 
u GU the derivatives 



f(.)^^'^(^'") 



dt 

exist and are continuous on U"^ for every m > 1. 



j^^^^^d4it,u) 



dt 

t=o 



.1) 



t=0 



Remark 6.2. In the case of the canonical state spac e D = M.^ x M" " , the deriv 
ative of (j>{t,u) at t = is also denoted by F{u) (see \Duffie et al\ i '200!i . Equat 



ion 



.10)) and RemarkW^). Since ^{t,u) = e"^*^*'"), we have 
Hence our definition of F coincides with the one in Wuffie et al\ \2003t ). 



Lemma 6.3. Let X be an affine process. Then the functions t M- <i>(t, u) and 
t i-^ ipi{t,u), i G {1, . . . ,n}, defined in (|2.4p are of finite variation for all u GlA. 

Proof. Due to Assumption 12. 3i there exist n + 1 vectors such that (.ti, . . . , Xn) are 
linearly independent and Xn+i = X]r=i ^i^i '^or some \ GV with X]"=i ^i ^ ^■ 
Let us now take n + 1 affine processes X-'^, . . . , X"+^ such that 

for all i G {l,...,n + 1}. It then follows from Theorem 15.81 that, for every 
i G {!,..., n + 1}, X'' is a semimartingale with respect to the filtered proba- 
bility space (ri,-F, (J^t),Pa;J. We can then construct a filtered probability space 
(ri', F', (J^t), P'), with respect to which Xi, . . . , Xn+i are independent semimartin- 
gales such that P' o (X*)~^ = P^;. . One possible construction is the product proba- 
bility space (Q"+i, ®^+ii.F, (C^'-^t), Ci'^^-J- 
We write yi = (l,a;i)^ and Y' = (1,X*)^ for i G {!,..., n+ 1}. Then the 
definition of Xi implies that (yi, . . . , j/n+i) are linearly independent. Moreover, as 
X* exhibits cadlag paths for alH G {1, . . . , 7i + 1}, there exists some stopping time 
5>0 such that, for all w G O' and i G [0, S{lu)), the vectors (Ft^(w), . . . , ^^"+^(0;)) 
are also linearly independent. Let now T > and u gU he fixed and choose some 
< e{oj) < S{uj) such that, for all t G [0, e(a;)), $(T -t,u)^ 0. 

Denoting the (j;',r)-martingales $(r- 1, u)e<''^(^-*'")'^*> by M/"'"'' and choos- 
ing the right branch of the complex logarithm, we thus have for all t G [0, e(a;)) 

x),iu) ... xu.)\-'( inM--H \ / ';f/y^r,;':;M 



X-^\lo) ... X:X\^) V lnAff'"'"+^H 



V v.„(r-t,u) / 



This implies that ($(s, u))s and (■(/'(■s, m))s coincide on the stochastic interval (T — 
e{u)), T\ with deterministic semimartingales and are thus of finite variation. As this 
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holds true for all T > 0, we conclude that t H- $(i, u) and t H- tpi{t, u) are of finite 
variation. D 



Using Lemma 16.31 and Theorem 15.81 we are now prepared to prove regularity of 
affine processes. Additionally, our proof reveals that the functions F and R have pa- 
rameterizations of Lcvy-Khintchine type and that the (differential) semimartingale 
characteristics introduced in (j5.9p depend in an affine way on X. 

Theorem 6.4. Every affine process is regular. Moreover, the functions F and R, 
as defined in (|6.ip , are of the form 



F{u) = {u, b) + - (it, au) — c 
{Riu),x) = {u,Bix)) + - {u,A{x)u) - (7,x) 



{u,xm)M{x,di), ueU, 



iv 

where x '■ V ^ V denotes some truncation function such that x(A ~ x) — for all 
x^D,b^V,a^ S{V), m is a (signed) measure, c G M, 7 G F and x n> B{x), 
X I— >■ A{x), X i—> M{x,d^) are restrictions of ^-linear maps on V such that 

b{x) ^b + B{x), 

c{x) = a + A{x), 

K{x,dO = m{dS,) + M{x,dO + (c+ (7,-^))'5(A-.)(dO- 

Here, the left hand side corresponds to the (differential) semimartingale character- 
istics introduced in (|5.9p . 

Furthermore, on the set Q = {{t,u) G M+ xh(\^{s,u) ^ 0, for alls G [0,i]}, 
the functions $ and ip satisfy the ordinary differential equations 

dMt, u) = $(t, u)F{4,it, u)), $(0, u) = 1, (6.2) 

dtip{t,u)=R{i}{t,u)), 'tP{0,u)=ueU. (6.3) 

Remark 6.5. Recall that without loss of generality we identify A with some point 
/(A)=0. 



in V \ D such that every f G C^(D) can be extended continuously to Da with 



Proof. Let to > 1 and u G U™ be fixed and choose T^ > such that $(T„ — t, u) 7^ 
for all t G [0,rti]. As t H> ^{t,u) and t i—> tp(t,u) are of finite variation by 
Lemma 16.31 their derivatives with respect to t exist almost everywhere and we can 
write 

$(T,-i,w)-$(T„,7/)= f ~d<i>iT„-s,u), 

Jo 

t 



ipi{Tu -t,u) - ipi{Tu, u) = I -di\i{Tu - s, u), 

Jo 

for t G {l,...,n}. Moreover, by the semiflow property of $ and ip (see Propo- 



sition [2^ (iv)l, differentiability of ^(t,u) and '4'{t,u) with respect to t at some 
Tu > £ > Q implies that the derivatives 9t|t=oV'(*; V'(£j'")) and dt\t=o'^{t,'4t{£,u)) 
exist as well. Let now (£fc)fcgN denote a sequence of points where $(i, u) and '(/'(i, u) 
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are difFerentiable such that hnife_i.oo £k ~ 0. Then there exists a sequence (uk)k&i 
given by 

itfc = '0(efc,M) e lA with hm it^ = u (6-4) 

such that the derivatives 

dt\t=Q^(t,uk), dt\t^^^{t,uk) (6.5) 

exist for every fc £ N. Moreover, since |Ex[exp((M,Xej.))]| < tti, there exists some 
constant M such that Ufe G Z//*^ for aU fc € N. 

Further more, due to Theorem 15.81 the canonical semimartingale representation 
oiX"^ fsee lJacod and ShirvaevI ( 20031 Theorem II. 2. 34)), where r is a stopping time 
with r < Tcxpi, is given by 

r-tfSr r-thr r- 

x^ = x+ b{Xs.)ds + n;+ / (e - x(C))M''^(^;ds,dC), 

Jo Jo Jv 

where /i^ is the random measure associated with the jumps of X'^ and N'^ is a 
local martingale, namely the sum of the continuous martingale part and the purely 
discontinuous one, that is, 

rtAT 

■ xiOif^""^ i^lds^dO ~ K{Xs-,dOds). 

V 

Applying Ito's formula (relative to the measure P^:) to the martingale Mj^"^"= 
$(r„ - i^t ;^ ^)^u)e^'4'{Tu-{tAT),u).XtA.) ^ we obtain 

MtAT =Mo"' +/ M^r \—H7^ — + {-d'ip{T^-s,u),X,_) 

Jo \ ^U« ~ S, U) 

ftr\r I 

+ J Mjl'''i{tP{Tu-s,u),b{X,^)) 
+ 2 ("^i^u - s,u),c{Xs-)'il){Tu - s,u)) 

+ / Mjy^{,j:{Tu^s,u),dNl) 



tAT , 



Jv 

X 



U^^ (w; ds, d^) - K{X,^ , d^)di 



As the last two terms are local martingales and as the rest is of finite variation, we 
thus have, for almost all t G [0, T„ A t], P^^-a.s. for every x € D, 

+ {d'4){T^, ~t,u),Xt-) 



^{Tu-t,u 

(eW>(T„-*,.).«) _ 1 _ (V.(T, -<,ri),x(0)) K{Xt^,dOdt 



{•^{Tu - t, u), b{Xt-)) dt + ^ (^(r„ - t, u), c(Xt_)^(T„ - t, u)) dt (6.6) 



iv 
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Note in particular that due to a: + svipp{K{x, •)) C Da for every x E D, the 
above integral is well-defined. By setting t = Tu on a set of positive measure with 
^x[t > Tu] and letting T^ ^> 0, we obtain due to (|6.5p for all fc e N and x e D 

dt\t=o^{t,Uk) + {dt\t=o^it,Uk),x) 

= {uk,bix)) dt+^ {uk, c{x)u,,) dt + J (e^"'''?^ - 1 - K, x(C))) K{x, d^dt, 

(6.7) 

where (ufe) is given by (j6.4p . Since the right hand side is continuous in Uk, which is 
again a consequence of the support properties of K{x, ■) and the fact that Uk G U 
for all fc G N, the limit for Uk -^ u oi the left hand side exists as well. By the 
affine independence of the n+ I elements in D, the coefficients dt\t=o^{t,Uk) and 
dtlt^oi^itjUk) converge for Uk — > u, whence the limit is affine, too. Since m > 1 
and u was arbitrary, it follows that 

(u, b{x)) dt+- {u, c{x)u) dt+ ('e^'"'^^ - 1 - (m, xiO)) K{x, d^dt 

is an afSne function in x for all u E U. 

By uniqueness of the Levy-Khintchine representation and the assumption that D 
contains n + 1 affinely independent elements, this implies that x i— > b{x), x i—)- c{x) 
and X M> K{x, d^) are affine functions in the following sense: 

b{x)^b + B{x), 
c{x) ^a + A{x), 
Kix,dO - m{dO + M{x,dO + (c+ (7,x))(5(A-.)(dO, 

where b £ V, a E S{V), m a (signed) measure, c G M, 7 G V^ and x t-^ B{x), 
X I— >■ A{x), X I— >■ M{x, d^) are restriction of M-linear maps on V. Indeed, c + (7, x) 
corresponds to the killing rate of the process, which is incorporated in the jump 
measure. Here, we explicitly use the convention e^"''^^ = and the fact that 
X(A -x) =0 for aU x G D. 

Moreover, for t small enough, we have for all m G Z// 

$(t, u) - $(0, u) = / $(s,w) (V'(s,w),&) + - (V-'(s, u),a-0(s, It)) - c 
+ ^ (^^Ws.uU) _ 1 _ (^,(s, u), x(e))) m(dO j ds, 
(V'(i, u) - ^(0, u),x)= f I (^(s, u), B{x)) + i (i^(s, u),A{x)^{s, u)) - (7, x) 



'^^Ws,uU) _ 1 _ (V,(s,u),x(0)) Mix,d0]ds. 



Note again that the properties of the support of K{x, •) carry over to the measures 
M{x, •) and m{-) implying that the above integrals are well-defined. Due to the 
continuity of t 1— )■ <I>(i,u) and t 1— >■ ■!/'(^j'"), we can conclude that the derivatives of 
$ and ip exist at and are continuous on U™ for every m > 1, since they are given 
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by 

a$(i,w) 



Fiu) 



dt 



t=o 



{u, b) -\ — (u, au) — c 

+ f (e<"■«>-l-(^i,x(0>)"^(rfO, 



{R{u),x) = 



dt 



t=o 



V 

, X ) = (u, B{x)) + - (u, A{x)u) - (7, x) 



This proves the first part of the theorem. 

By the regularity of X, we are now allowed to differentiate the semiflow equa- 
tions ([23]) on the set Q = {{t,u) G R+ x W | $(s,u) ^ 0, for all s e [0,i]} with 
respect to s and evaluate them at s = 0. As a consequence, $ and ip satisfy (|6.2p 
and (ESI- □ 



Remark 6.6. The differential equations (|6.2p and (j6.3p are called generalized 
Riccati equations, which is due to the particular form of F and R. 
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